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Rao—Blackwellized Gaussian Smoothing

Roland Hostettler, Member, IEEE, and Simo Sarkka, Senior Member, IEEE

Abstract—In this paper, we consider Rao-Blackwellization of linear
substructures in sigma-point-based Gaussian assumed density smoothers.
We derive marginalized prediction, smoothing, and update steps for the
mixed linear/nonlinear Gaussian state-space model as well as for a hier-
archical model for both conventional and iterated posterior linearization
Gaussian smoothers. The proposed method is evaluated in a numerical
example and it is shown that the computational complexity is reduced
considerably compared to non-Rao-Blackwellized Gaussian smoothers
for systems with high-dimensional linear subspaces.

Index Terms—Gaussian assumed density smoothing,
Blackwellization, nonlinear smoothing, nonlinear state estimation

Rao-

I. INTRODUCTION

Gaussian assumed density filtering and smoothing are popular
approaches to approximate Bayesian filtering and smoothing in
nonlinear state-space systems. In these methods, the filtering density
p(xt | y1:¢) (where x4 is the state vector and y1.+ = {y1, Y2, ..., Yt}
are the measurements) and the smoothing density p(x: | y1.7) (for
1 <t < T) are approximated as Gaussian densities (see, e.g., [1]-[3]).
These approaches have the advantage that only estimating the first two
moments of the posterior densities is required, similarly to the Kalman
filter and Rauch-Tung—Striebel smoother [3]. The resulting moment
matching integrals can be solved numerically using different types
of sigma-point methods such as the third and higher order unscented
transforms [4]-[9], Gauss—Hermite quadratures [1], [2], or spherical
cubatures [4], [10], [11]. In many applications, these approaches are
superior to simple Taylor series-based linearizations [12], [13].

A drawback of sigma-point methods is that even when the state-
space model exhibits a linear substructure, the numerical integration
is performed over the whole state-space. This wastes computational
resources by numerically integrating the analytically tractable subspace.
The aim of this article is to use Rao-Blackwellization to reduce this
computational burden of sigma-point-based Gaussian smoothers. The
use of Rao—Blackwellization is common in the context of sequential
Monte Carlo (SMC) methods (particle filters and smoothers) that
approximate the posterior densities using a set of weighted samples
rather than an assumed density [14]-[17]. In SMC methods Rao—
Blackwellization is used to reduce the number of samples required
for approximating the posterior density.

Rao—Blackwellization has also been considered in Gaussian filtering.
For example, Rao-Blackwellized unscented Kalman filters for non-
mixing and completely mixing conditional linear Gaussian state-space
models were introduced in [18] and [19]. Furthermore, [20] discussed
models with directly and indirectly observed subsets of state variables
as well as linear and nonlinear observations. Similarly, [21] considered
models where only part of the state is observed nonlinearly and
proposes a truncated unscented Kalman filter. A more generalized
approach was presented in [22], where it is assumed that the problem
exhibits a generic conditionally analytically tractable (with respect
to the assumed Gaussian density) substructure. A similar approach
was introduced in [23] in the context of Gauss—Hermite filtering. A
marginalized UKF for correlated process and measurement noises was
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developed in [24]. Finally, a unified view on marginalized Gaussian
filtering from a subspace projection perspective was introduced in [25].

The contribution of this paper is to derive novel Rao-Blackwellized
Gaussian smoothing algorithms for two general classes of models
recently considered in the context of Rao-Blackwellized sequential
Monte Carlo smoothers [17]. As the model classes are more general
than what has previously been considered in the context of Rao—
Blackwellized Gaussian filtering algorithms, the results also extend
the existing results for the Rao-Blackwellized Gaussian filters.
Specifically, the technical contributions of this paper are as follows.
First, we derive statistical linear regression for conditionally affine
transformations of Gaussian random variables. Second, we develop
Rao-Blackwellized Gaussian smoothers and Rao—Blackwellized pos-
terior linearization smoothers [26] for two commonly encountered
models, the fully mixing linear/nonlinear state-space model and a
hierarchical model [17]. Third, we analytically analyze the reduction
of the computational complexity in the proposed method. Fourth,
the proposed methods are evaluated and compared to their non-Rao—
Blackwellized counterparts as well as sequential Monte Carlo methods.

II. PROBLEM FORMULATION
Consider the general nonlinear state-space system

xr = f(ze-1) + @,
Yt = g(.’Kt) + 7,

(1a)
(1b)

where z; € R™= is the latent state vector with initial density g ~
N(Zo, P), q¢ ~ N(0,Q:) the Gaussian process noise, f(-) the
dynamic model function, 3, € R™¥ the measurement, r; ~ N(0, R;)
the measurement noise, g(-) the measurement function, and ¢ denotes
the discrete time index. Then, the objective of Gaussian smoothing is
to find a Gaussian approximation to the smoothing density

p(xe | yrr) = N (e &o0, Poyr)- 2

In this work, two particular subclasses of the general model (1)
are considered. In both of these classes, the state space can be split
into nonlinear and linear subspaces =7 € RY < and zt e RY + such
that z; = [(z)" (mi)T]T, which yields an analytically tractable
substructure. The first model, Model 1, is a commonly encountered
(see, e.g., [27]-[29]) mixed linear/nonlinear Gaussian state-space
model defined as follows.

Model 1 (Mixed linear/nonlinear Gaussian State-Space Model). The
mixed linear/nonlinear Gaussian state-space model is defined as

af = fP(af,) + A ()Tt +af (3a)
xy = fi(l1) + Ai(@l)ziog +gb, (3b)
yr = ge(2) + Bu(al)wt + 7. (o)

The noise terms qy', qi, and ry are independent zero-mean, Gaussian
random variables with Cov{q?} = Q" (z_1), Cov{¢}} = Q' (z?_,),
Cov{gl,qt} = Q" (z? 1), and Cov{r,} = R(x}), respectively, and
the initial state is Gaussian according to p(xo) = N (xo; £oj0, Pojo)-

In this model, the dynamics are mixing, that is, both the nonlinear
and linear states may affect each other (see (3a)—(3b)). Furthermore,
the nonlinear states are observed through some nonlinear function g (-)



while the linear states are observed through the measurement matrix
By(+). This type of model is frequently encountered in applications
such as target tracking, where, for example, the nonlinear states are the
target’s position that are observed nonlinearly (e.g. range and bearing
measurements) and the linear states are the target’s velocity [28].
The second model is the hierarchical model given below [30]-[32].

Model 2 (Hierarchical Model). The hierarchical model is defined as

zy = fi'(xi1) +ar, (4a)
zp = fi(z}) + At(a})zi_1 + g, (4b)
yr = ge(x7) + Bi(a})z; + 14, (4c)

where g ~ p(qi) with E{qi'} = 0 and Cov{q;'} = Q" (z}_1),
g ~ N(0,Q"(x})), Cov{gl,qi} = 0, r ~ N(0,R(z})), and
p(xo) = N (205 Zoj0, FPojo)-

Model 2 can be thought of as a generalized jump Markov model.
Here, the linear and nonlinear states do not mix fully: the nonlinear
state affects the linear state but not vice versa. Note that Model 2
is not a special case of Model 1: The difference lies in the linear
dynamics (4b) that depend on z}' rather than z;'_;, while y; depends
on the current state z; in both models. Also note that for Model 2, the
state dynamics for ;' are sometimes given in terms of the transition
density xi ~ p(zf | 1) (see [32]). Here, the functional form is
chosen since it will simplify the derivations later on.

Given these two models, the aim is then to find Gaussian approxi-
mations of the form (2), taking the analytically tractable substructure
into account. Note that the explicit dependence of f, A, @, g, B, and
R on t and xy is omitted for the remainder of this paper.

III. GAUSSIAN SMOOTHING

In this section, Gaussian filtering, smoothing, and posterior lin-
earization smoothing are briefly reviewed. First, note that the Rauch—
Tung—Striebel (RTS) smoothing recursion [3], [33] is given by a
recursion backward in time and found from the joint approximation

(e, T | yrr) = p(2e | g1, y1:0)p(Tes1 | y11)

TR )
1] B | B Per

by marginalizing with respect to x¢+1. The density p(x¢ | Tet1, Y1:¢)
is obtained from the joint-approximation p(x¢, ¢+1 | y1:¢) during the
prediction step of a Gaussian filter. This is given by [3]

P(Te, Tey1 | Y:e)
Tyt

—~ Tt . Pt\t Ct (5)
(Ll & A2

Furthermore, since the recursion is backwards in time, a Gaussian
approximation of the form (2) is given for p(w¢y1 | y1.7). Then, the
well-known RTS smoothing equations [3], [33] are found to be

Gy = CiP s (6a)
Ty = Ty + Ge (L7 — Teg1)e)s (6b)
Pyr = Py + Gy (Pt+1|T _Pt+1|t) GY, (6¢c)

E: = Gt Py (6d)

In order to find the approximation (5), a Gaussian filter has to be run
in forward direction which provides a Gaussian approximation of the
one step ahead prediction density p(z+ | y1:¢—1). The approximation of
the filtering density p(z: | y1.¢) is found from the joint approximation

~ Tt . i’t|t—1 Pt|t—1 Dy
s (G [ [ 2)) o

and subsequent conditioning on y; (see, e.g., [3] for details). This
yields the well-known Kalman filter update given by

Ky = DS, (8a)
By = Teje—1 + Ki(Ye — Geje—1), (8b)
Py = Pyg—q — KtStK;r‘ (8¢c)

Note that the smoothing recursion (6) not only depends on the
means )¢, £¢41)¢> Le417 and their respective covariances, but also
the cross-covariance C';. The latter is not required for filtering alone
but is calculated during the prediction step (see (5)).

The Gaussian approximations in (5) and (7) require us to calculate
the unknown moments &;41¢, Pryij¢, and Cy as well as yp—1,
D;, and S, respectively. These can be found by approximating the
nonlinear state transition and measurement functions (f(-) and g(-))
by using statistical linear regression (SLR) [34]. In regular one-pass
Gaussian smoothing (e.g. [2]), SLR is performed with respect to the
prior densities p(z¢—1 | y1:t—1) for the prediction and p(x¢ | y1:4—1)
for the measurement update. In contrast to regular Gaussian smoothing,
the recently proposed posterior linearization smoothing approach [26]
tries to linearize with respect to the posterior p(z: | y1.7) directly.
This can lead to significant performance gain in terms of the error
in cases where the prior and posterior overlap poorly. Since the
posterior is unknown to start with, the following iterative scheme
can be used to gradually obtain improved approximations of the
posterior [26]. First, regular smoothing is used to obtain an initial
approximation of the posterior p°(z; | yi.1) = N (x; QQ‘T, PgT).
Then, the nonlinear functions f(-) and g(-) are linearized using SLR
with respect to p°(z; | y1.7) and smoothing is done anew in order to
obtain p' (x; | y1.7). The process is repeated for a predefined number
of iterations or until convergence is achieved.

IV. RAO-BLACKWELLIZED GAUSSIAN SMOOTHING

In this section, the Rao-Blackwellized Gaussian smoothing algo-
rithms for the two models discussed in Section II will be developed.
First, Rao—Blackwellized statistical linear regression of conditionally
affine transformations of Gaussian random variables is derived. This
is then applied to Gaussian filtering and smoothing to obtain the Rao—
Blackwellized prediction and measurement update steps. Note that
similar to the state vector, the covariance matrices can be partitioned

too, such that
Ptygt . Pt;\lzl}
( ﬁt) Pt\t
and similar for Py;_1, C4, Dy, Pyr, and E.

Py = { ®

A. Rao-Blackwellized Statistical Linear Regression

As discussed in the previous section, statistical linear regression can
be used to approximate the nonlinear state transition and measurement
functions [34]. In case these functions exhibit a conditionally affine
substructure, the resulting integrals to be solved can be reduced in
dimensionality since the conditionally affine subspace is analytically
tractable. This is reviewed in Lemma 1, followed by the special
case when SLR is applied with respect to the prior density in
Corollary 1. The latter is the case for traditional Gaussian filtering
and smoothing [3], [13].

Lemma 1 (Rao-Blackwellized Statistical Linear Regression). Let
zo = h(z]') + H(21)z} +v,

noiy _ 20| (et DU Vi
p(zlyz)7N(|:Zi:|7|:ul1:|7|:(2'izl)T El1:|>7



and p(v | z1') = N (v;0,5.(z
linearization density to

). Furthermore, let us fix the

n 1 Z? /J’?llTr ?77 E?ZW:|)
(21, 21) =N 3 el ol ’ . 10
(21, 21) (LJ |:/~Ll1,7r:| [(21,ZW)T st (10)
Given these, let
~1 l nl \T n -1, n n
H1x = 1,7 + (El,ﬂ') (Zl,ﬂ') (Zl - /~L1,7r)7 (lla)
ill,ﬂ' = Ell,w - (Z?,ZW)T(E¥,W)712?,lﬁ7 (llb)
and
o = /(h + High o )m(27)det, (12a)
12,7
Yi12,x [212 ﬁ] , (12b)
tor = [GF = i)+ Hihr = ) Tr(DA, (120

= () TS0 S S / Hn(z])dzr,  (12d)

Sar = [ [ HE o = o) ot o 2 )”

+HS, HT + zv] m(27)dep, (12¢)

Then, the statistical linear regression of z2 with respect to w(z7, zll)
is given by zo = &z + I" + v, where

®=%1,Y, (13a)
I'=p2,r — Ppa,r, (13b)
Y, =Yon— O8N B (13¢)

Proof. The matrix ® and vector I" are chosen such that they minimize
the error e = h(z}) + H(21)z! + v — ®z; — T’ — v in the mean
squared sense with respect to (10). This yields (13a)-(13b) (see [34]
for details) where

pox = Ex{h(2]) + H(21)21 + v}, (14a)

Yo = Cove{h(z}) + H(z])z! + v}, (14b)

Sia.x = Cova{z1, h(z]) + H(2])z! + v}. (14c)
Furthermore, v ~ N(0, X, ) with

¥, = Cove{h(z]") + H(21)z! + v} — ® Cove{z1}®". (15)

In order to calculate the resulting expectations in (14)-(15), the linear
substructure can now be exploited which yields the integrals

pox = BB {h(z]) + H(z))Z + v | 27'}}
= [ + HEDRD G
and similar for ¥ r, 312 x, and 3,, which leads to (12). O

Having calculated the linear approximation (12)—(13), the Gaussian
approximation of the joint density p(z1, z2) follows directly to be

N 21| [ R
p(z1,22) = N (LJ ’ {MJ ' [Eh EQD

Yo =051®" + 3,

(16)
with

M2 = ‘I)/Ll —+ F, 212 = El(I’T. (17)

Corollary 1. If SLR is done with respect to the prior p(z1) (ie.
m(z1) = p(z1)), then 1, = 31 and pa,x = pa. Thus (17) simplifies
10 2 = 2,5, 22 = Xo,x, and 12 = Y12 7.

The expectations with respect to w(z7') in (12) are in general not
analytically tractable. Instead, numerical integration schemes such as

sigma-point methods can be used. Here, a set {z]"™, w™}¥_, of M
sigma-points z;""™ and their weights w™ are calculated analytically
based on the moments of 27" [3], [13]. Then, an arbitrary expectation

with respect to the density 7 (27') can be approximated as

E-{h(z1")} :/h(zl m(z1)dz1 = Zw (18)

Choosing the sigma-points can be done according to different
sigma-point rules such as the unscented transform, Gauss—Hermite
quadratures, or spherical cubatures [3], [9].

B. Model 1 Prediction and Smoothing

For Model 1, given the density m(x¢—1) = N (z¢—1;%x, Pr),
Lemma 1 is applied directly by choosing 27 = 7, 2} = al_,,
z2 = x+ and the covariance matrices accordingly. This yields

Ti|¢—1 =E: {f+Amt 1}7 (192)

Pyeoy = B {(f + AZi_y — 1) (f + ATy_y — Typeo1) '}

+EA{AP_ AT +Q}, (19b)
Cioy = Ex{(2f_1 — 23)(f + Ay — T5je1) '}, (19¢)
Ciy= (PPN (P T'CPy + Pl E-{A}T, (19d)

for (12) where Cf*; = [CF™  C1,] and similar for Cf_, see (9).
The conditional mean #._; and covariance P,_; are given by (11) with
Wi,x = Tr and 31 » = Pr. Furthermore, the regression coefficients
obtained from SLR are

Dy = (Comr) (Pr) Y, (20a)
D1 =Zyp—1 — Pe—12n, (20b)
Sy, =Py — Dy Pr(Pyo1) " (20c)

1) Regular Smoothing: For regular smoothing SLR is performed
with respect to w(zy_1) = p(zi_1 | y1:t—1). Hence, £r = Z4_14—1
and Pr = P,_y};—1 in (19) and Corollary 1 applies. Thus

and Ct_lzét_l. (21)

2) Posterior Linearization Smoothing: For posterior linearization
smoothing, m(xi_1) = p(x;_q | y1.7). Hence, T = &,_q)7 and
Pr = P,_yr, while the predictive moments become

Tijt—1 = Tejt—1, Pt\t—l = Pt\t—h

Typp—1 = Pe—1@p_1pe—1 + -1, (22a)
Pyio1 = <Dt—1Pt71|t71((I>t—l)T +2u, (22b)
Ci1 = Pr_yj—1(®em1)". (22¢)

This leads to the prediction step summarized in Algorithm 1 where
SP(u,X) denotes the generation of sigma-points with respect to the
mean g and covariance X.

C. Model 2 Prediction and Smoothing

For the second model, first note that the prediction for x;" is purely
nonlinear and independent of }_;. Thus, Zyje_1> Piji—1, and CF
are found through SLR with respect to 7(z}_;) and are given by

Tije—1 = E«{f"}, (23a)
P4 :EW{(fn—jﬁt—l)(fn—fﬁt—l)T+Qn}7 (23b)
Oty = Bn{(aioy = F)(f" = @e-a) '} (23¢)

This yields the following approximation
oy, =Cr(Pr)T! (24a)
LYy =1 — <I>t_1xﬁ, (24b)



Algorithm 1 Prediction Step for Model 1

1: Let {z}7, w™}M_, < SP(&7, PT)
2: Calculate :Tcif”l and P}_; according to (11) using &, and Py

3: Calculate

Tt|t—1

= _ m_m
Tijt—1 = W Tglg—1

Pt\tfl = Z w™ [(f%_1 — jt|t71)($?|7‘t—1 - jt\tfl)-r

m=1

+A@ P AEET)T + Q)]

Il
| eum——|
8
-
EI
L

- J_3z|t—1)T

M
Oy =) w™ (@l — &) (@l
m=1

Ciy = (PEY(P) 'Oy + Py Zw Azp)T
m=1
4: Calculate &1, Pyj¢—1, and Cy—_1:
e Regular prediction: (21)
e Posterior linearization prediction: (20) and (22)
ETUL,, = pt7|1p1 - @?—1P:(‘I)?—1)T7 (24¢)

where Z7 and ]57? denote the mean and covariance used in (23).
The prediction for zt is found from Lemma 1 with 20 = z7,
2t =2t |, 2o = 2. This gives
$t|t 1=Ex {f + Az 1} (25a)
Pl =EA(f + A%y — 3y ) (f + A'F — T )}

+E AP, (AN +Q'}, (25b)
pt?éﬂ = E{(zf — &) (/' + Az, — xt\t D' (25¢)
City = (PP (PR Plli—1 + PL_1 Ex{A"}T. (25d)
The coefficients of the linear approximation are then
T
P, _
O = {Cﬁ'* 1] (Pr)7h, (262)
Lyt = &1 — D1, (26b)
T, = Pajno1 — @1 Pr(Pe-n), (26¢)

and 2, and P, are the moments used for SLR with respect to the
dynamics of the linear state.

The two moments C'™; and C*'; do not arise directly from (23)-
(26). However, given the approximation z3" ~ ®3_zy | +T'{ 1 +v¢',
C!", is found as follows

Ctlﬁl ~ E{(xi—l - 55%71\#1)@?71
= (¢?71Pt@1|t71)T_

Similarly we have the approximaTtion zl &~ ‘I’Lﬂ’t,t—l 4T+
with w1 = (@) (a}-1)T]

— & y0) (27-1) ")
27

. Thus, C"'; becomes

n AT T
n n AT T T —
Ct—ll %E{(mt—l *%71\1&71) ([ lt ] - {Azt‘t ! ]) }(q)i—l)T
Ti—1 Le_1)t—1

= [cim Py ] (@)
The resulting integrals are with respect to either w(zy_ ) or w(x})
(c.f. (23)-(25)) and thus, they need to be calculated in two steps. In

each step, a new set of sigma-points with respect to each of these

(28)

densities has to be calculated. Fortunately, the sigma-points with
respect to the density w(x}) will be re-used in the measurement
update and thus, in practice, no additional sigma-points are needed.

1) Regular Smoothing: For predicting the nonlinear states x},
the expectations in (23) are evaluated with respect to m(xf ) =
p(xi—1 | y1:4-1). Thus, &3 = 27, ,_, and P = P> ,,_,. Hence,
Corollary 1 applies, and

ATV —n 7 DN nn

Tilt—1 = Tlt—1s Pt|t—1 = Pt\t 1, G =
In nl T n

Ct—l = (Pt—l\tfl) (Ptfllt—l) (Ct ) :

In the second step, the integrals (25) are calculated with respect to
7T(£?7xé71) = p($?7 mifl | ylit—l)’ Thus,

~n

T
P t|t—1
B = {Az \

Le_1)t—1

oy,
t—1 29)

n in
:| , and P7r — |: t|lt71 (C )

n ;o (30
Ct—l Ptl—l\z—l:|

and the de-correlation is as in (11) with g1, = & and 31 » = P
from (30). Again, Corollary 1 applies and thus,

N _1 1 1
Tilt—1 = Tt|t—1s Ptlt 1:Pt|t 15

Pl =P, Ol =Cl
nl Ptntl 1 n —1 i
C 1= [Cz 1 Pt—l\t—l] ({C” } (Ptlt—l) ) .

2) Posterior Linearization Smoothing: In posterior linearization
smoothing, predicting the nonlinear state is with respect to w(x}_ ;) =

€1V

p(zi—1 | yrr). Thus, &2 = &7 7. Py = P 7, and
o1 = Py + T, (322)
Pl =0} Py 1 (971) — 22, (32b)
Ci =Pl (®F-1)T, (32¢)

with & ,, I'?"_, and E’;t as in (24), and C{"; as given in (27).
When predicting !, linearization is performed with respect to

7(13?71”5&71) :p(x?7xifl | yl:T) and

AT n in \T

- [AftlT ] . and Py = { i (Eltfl) ] 7
LTe_1|T By Pt71|T

from which the 7!, and If’tl_l are calculated as in (11) with (33).

Having calculated ®}_;, T'_; and Ef,t according to (26), the
predicted moments thus become

(33)

) i,
B =Py [ 1 |+, (34a)
LTi_1jt—1
l l tT\Lt71 (Ctlﬁl)-r 1 T 1
Pl =0, | ' : (@;_1)"+3%.,, (34b)
Ci™ Pz—1\t—1

Pt\t 1:| [ tTt—l (Céﬁl)-r] l T
= . o), 34c
[C, Ci®y Py (®i-1) (3
and C; as in (28).
This yields the prediction step for Model 2 given in Algorithm 2.

D. Measurement Update

Since the structure of the measurement model js the same for both
models (c.f. Eq. (3¢) vs. (4¢)), ¥ijt—1, Di, and Sy follow directly by
applying Lemma 1 with 27" = z?, 2} = !, and 2o = y;. This gives

Gtjt—1 = Ex{g + B:Ei}, (352)
D = Bof{(x} — #2)(g+ BE — gue1) "}, (35b)
D! = (PMHYY(PM'D} + PLE{B)}', (35¢)

Si = Bx{(g + BTt — Gtjo-1)(9 + BE — Gur—1)"}
+E.{BP!B" + R}. (35d)



Algorithm 2 Prediction Step for Model 2

Algorithm 3 Measurement Update

1: Let {z;"7,w™ M_ « SP(z W,é’:)
2: Calculate

= )
M
—T m_n,m
Telt—1 = W Ty
m=1
M
5 , - - T
Py = " w™ [, = )@y — #e)
m=1
+Q" ()]
M
A N _ T
cPn = Z w™ (z"T — x’;)(x?‘trfl — Tfj—1)
m=1

3: Calculate 23),_q, Pj;_1, Ct", and chmy

e Regular prediction: (29)

e Posterior linearization prediction: (24) and (32)
: Let {z"™, w™ }ni=1 < SP(2%, Py)

~

5: Calculate iii"l and P}_, according to (11) using &, and Py
6: Calculate
wiy = @) + Al ™E
M
) m_Il,m
Telt—1 = WLy
m=1
M
Ptl\tfl = w™ [(xi\zn_1 - fi\tfl)(mi]ln_l - jih&fl)T
m=1
+A @™ P A @) + Q' )]
M
Hnl m,/ n,m am l,m 1 T
Pt\t—l = Z w (‘rt - :Cﬂ.)(ift‘t71 - xt|t—1)
m=1
Cily = (YT (P Pl + Py Y w™ Al ™))"
m=1

7. Calculate ii‘tfl, Ptl|t,1, t‘t 1, Cy and CY
e Regular prediction: (31)
e Posterior linearization prediction: (26) and (32)

Furthermore, the conditional variables Z. and 15tl are again calcu-
lated as in (11). From SLR, &, I';, and X,, are given by

®, = (D) P, (36a)
Iy = Goje—1 — <I>t:%77, (36b)
Sue =S — &P (1) (36¢)
1) Regular Smoothing: In regular smoothing, 7(z1) = p(z: |

Y1:—1), that is, Tr = &1 and Pr = Pyy_;. It follows that

Dejt—1 = Geje—1, St = Si, and D, = D,. (37)

2) Posterior Linearization Smoothing: For posterior linearization
smoothing, w(xy') = p(xy | yi.r) with mean & = Z,r and
covariance Pr = P;r. The moments §;,_1, S¢, and D; are thus

Jeje—1 = PeBye—1 + Iy, (38a)
Sy = (I)tPt\t—l((I)t)T + 3., (38b)
Dy = Pyy_1(00), (38¢)

with ®;, I';, and X,, as in (36).

Finally, the measurement update is as summarized in Algorithm 3.
For Model 2, the sigma-points from Step 4) in Algorithm 2 can be
re-used and thus, Step 1) in Algorithm 3 can be omitted.

1: Let {z}"™, w™ }h_y < SP(27, Py)
2: Calculate ii’m and P} according to (11) using &, and Pr
3: Calculate

yilo1 = g(@}™) + Bz ™)@y

— _ m_m
Ytjt—1 = W Yelt—1
M
DY = E w™(z™ —
m=1
M

Di:(P:l)T(Pn 1Dt+PtZw t

iﬁ)(yi’ft-l - ?t\t&)T

M
S, = Z w™ [(y:\nt—l - ﬂt|t—1)(y2\nt71 - 27t|t—1)T

m=1

+B(e) ") BB ™) + R(ap )]

4: Calculate 4¢—1, D¢, and Sy:

e Regular smoothing: (37)

e Posterior linearization smoothing: (36) and (38)
5: Calculate Z;; and P, according to (8)

Algorithm 4 Rao—Blackwellized Gaussian Smoother
1. fort=1,...,7T do
2: Calculate and store Z;_1, Pyjs—1, and Cy_q:
e Model 1: Algorithm 1
e Model 2: Algorithm 2

> Filtering

3: Calculate and store %y, Py, and Dy (Algorithm 3)

4: end for

5: fort=T-1,...,1do > Smoothing
6: Calculate |7, P, and E; according to (6)

7: end for

E. Filtering, Smoothing, and Posterior Linearization Smoothing

Having developed the prediction and update steps for both models,
the complete algorithm can now be formalized. First, filtering is
achieved by simply alternating between prediction and measurement
update at each time step over the whole dataset. After filtering,
smoothing is performed by a backward sweep over the filtered data,
implementing the Rauch—Tung—Striebel smoothing equations. This
yields the Rao—Blackwellized Gaussian smoother in Algorithm 4.

Finally, posterior linearization smoothing is achieved by first running
Algorithm 4 to obtain p°(x; | y1.7), followed by re-linearization and
iteratively improving the posterior approximation (Algorithm 5).

F. Computational Complexity

One of the main reasons for considering Rao—Blackwellization in
the context of Gaussian filtering and smoothing is the reduction of the
computational complexity when the dimension of the conditionally
linear subspace is large. Since the proposed methods are based on
Lemma 1, we start by analyzing the computational complexity of
regular SLR and Rao-Blackwellized SLR with respect to the linear
subspace dimension N!, which is provided in Lemma 2 below.

Lemma 2 (Computational Complexity of Rao—Blackwellized Sta-
tistical Linear Regression). Let zo = h(z}) + H(27)z! + v be a
conditionally affine transformation of the Gaussian random variable
z1 = [(z?)T (zﬁ)T]T where 21 € RNT PN RN{, 20 € RN2,

and N1 = NT* + Ni. Then the asymptotic (in Ni) computational



Algorithm 5 Rao-Blackwellized Posterior Linearization Smoother

1: Run Algorithm 4 to obtain p° (z¢ | y1.7) and set i + 0

2: do

3: fort=1,...,7 do

4 Calculate and store :Ez‘til
e Model 1: Algorithm 1
e Model 2: Algorithm 2

> Filtering
pitt

i1,
ti—1» and Gy

5: Calculate and store &', P\, and D' (Algorithm 3)
6: end for
7: fori=T-1,...,1do _ _ > Smoothing
8: Calculate and store izr’TI, PZ‘?, and E{ ™! according to (6)
9: end for

10: Seti+i+1
11: while Not converged

Table I: Comparison of the asymptotic computational complexity for
SLR and Rao-Blackwellized SLR (RB-SLR).

Calculation SLR O(+) RB-SLR O(+)

Sigma-points N3 (Np)3

Orthogonalization ~ n/a MNINP + (NH2ND

25, M(Ch+Ch +Cs) M(Ch+Ch +Cx)
+M N2 N +M N2 N

H2,7 M N, MN>

Yo,n MN2 M(N}H)2Ny + MN{NZ

Y127 M3N1N2 M3N{N2+(N{)2N2

N N

r NiNg N%Ng

s N%)Nz + N1 N2 N5N2 + N1 N2

pa Ny N N{No

P N%)Nz + N1 N2 N5N2 + N1 N2

PP NN, NN,

complexity of calculating the transformed moments Lo, Y12, and 3o
using M sigma-points scales according to O(M N No + (N))?) for
regular SLR and O((N1{)? Nz + (N1)®) for Rao-Blackwellized SLR.

Proof. Regular SLR has the following main steps: 1) Calculating
the sigma-points, 2) evaluating the functions h(z7) 4+ H(z})z! and
Y, (21") (M times each), 3) calculating sums over M terms to
obtain 2, 212,x, and g r, 4) calculating the linear approximation
®, T, ¥,, and 5) calculating the moments p2, 2, i12. Rao—
Blackwellized SLR has the additional step of calculating the Gram—
Schmidt orthogonalization (11). Furthermore, the sums for calculating
Y.+ and X1 » include more terms.

The asymptotic complexity for each of these steps is shown in
Table I, where Cp, Cx, and Cx. denote the complexity of evaluating the
functions h(-), H(-), and X, (-). First, note that calculating the sigma-
points is independent of N? for Rao—Blackwellized SLR. Second,
the complexity of the sums for calculating p2 », 32, and X125 is
dominated by the calculation of the covariance matrices. For regular
SLR, this scales according to M N22 + M Ny Ns where the first term
comes from the outer product involved in calculating > » and the
second term from calculating 12 ». Noting that M scales at least
linearly in N{ and that N> may also scale linearly in N? (for the
prediction step), it follows that the overall complexity of implementing
the sums scales according to M Nf No.

For Rao-Blackwellized SLR (Lemma 1), the most expensive
operations in implementing the integrals (12) using sigma-points
are again computing Yo, and Xi2 .. Here, the complexity is
dominated by the product H(z]>™)%%  H(z}"™)" which requires
M(N1{)?>N2 + MN{ N3 operations. Since M is independent of N7
in this case, this scales according to (N})?N» at most.

Implementing (13) and (17) requires the same computations,
irrespective of whether Rao—Blackwellization is used or not. Here, the
most complex operations are calculating the inverse (or Cholesky fac-
torization) of an IN; X N; matrix when calculating ® (V- 3 operations)
and calculating ®%,®" when calculating X5 (N N2 + N1 N2). This
is in addition to the cost for calculating the sums. Thus, the overall
computational complexity becomes O(M NNy + (N1)?) for regular
SLR and O((N{)?Ny + (N?)?3) for Rao-Blackwellized SLR. [

Given the asymptotic computational complexity for regular and
Rao-Blackwellized SLR in Lemma 2, Corollary 2 is readily found.

Corollary 2. The asymptotic computational complexity for sigma-
point-based SLR where the number of sigma-points is an affine function
M = aN! + 3 is O(N))?Na + (N{)3) for both regular and Rao—
Blackwellized SLR. Then, the ratio between nonlinear and linear
states as well as the cost for evaluating the functions h(-), H(-), and
Yo (+) determine which method is faster. Conversely, if the number of
sigma-points increases faster than linear, the asymptotic complexity
of Rao—Blackwellized SLR is always lower.

It follows that for the third order unscented transform (M =
2N + 1), the constants determine which method is faster, whereas
for higher order methods, such as the fifth order unscented transform
(M = 2N? + 1) or the Gauss—Hermite quadrature (M = p~ ), Rao—
Blackwellization is beneficial for systems with high-dimensional linear
subspaces.

Finally, the overall complexity of the proposed methods is given
in Lemma 3.

Lemma 3 (Computational Complexity of Rao—Blackwellized Gaus-
sian Smoothing). For Algorithm 4 and Algorithm 5, the asymp-
totic computational complexity with respect to N\ is O((NL)®)
and the computational complexity for the corresponding non-Rao—
Blackwellized smoothers is O(M (NL)? + (NL)®)

Proof. First, note that the prediction for Model 1 is a direct application
of Lemma 1 with N1 = No = N, with no additional operations.
Hence, the total computational complexity of Algorithm 1 readily
follows to be O((N1)?). For Algorithm 2 (prediction for Model 2),
the nonlinear state is predicted in a regular prediction step with
N1 = N2 = Ny" which is independent of N! and thus has constant
cost. For predicting the linear state, Lemma 1 is applied with N1 = N,
and No = N. and thus, the complexity is again O((N.)?), The
measurement update (Algorithm 3) is again a direct application
of Lemma 1 with Ny = N, and No = N,. Hence, SLR scales
according to O((N1)?) for regular filtering while it scales according
to O((NL)?) for posterior linearization filtering/smoothing (due to (13)
and (17) which scale according to O((Ni)?’)). Furthermore, the
measurement update (8) is done, which has the complexity O(NZ)
due to the covariance update. The backward pass for smoothing just
adds the Rauch-Tung—Striebel smoothing calculations in (6). Here,
the most expensive operations are calculating the gain G; and the
covariance matrices P 7 and E; which all scale according to O(ND).
Thus, it follows that the overall asymptotic computational complexity
in N! for Rao—Blackwellized Gaussian smoothing for Model 1 as
well as Model 2 is O((N})?).

Similarly, for non-Rao—Blackwellized smoothing, it follows from
Lemma 2 that the prediction step for both Model 1 and Model 2
scale according to O(M (NL)? + (N1)3). Furthermore, the regular
measurement update scales as O(M NL+(NL)?), while the smoothing
recursion is the same as for Rao-Blackwellized smoothing (i.e.
O(N2)). Thus, the overall computational complexity for non-Rao—
Blackwellized smoothing is O(M (NL)? + (NL)®). O



V. NUMERICAL ILLUSTRATIONS

A. Setup

In order to illustrate the proposed method, a system of harmonic
oscillators with unknown, time-varying frequency is considered. This
system allows for simple extension to higher order linear state-spaces
by just considering higher order harmonics. The model is given by

e A (39a)
zp = Alaf1)zio + g, (39b)
ye = By + 14 (39¢)

The matrices A’ and B in (39) are

_ [cos(wTs)  —sin(wTs)
Flw) = sin(wTs)  cos(wTs) |’
Al(a}) = blkdiag(F(z}), F(2z}'),. .., F(NL/2z})),
B=[1 0 1 0 ... 1 0],

and T, = 0.05s is the sampling time.

The process and measurement noise covariances are chosen as
Q =0.011 ~i 41 and R = 0.1, respectively. The number of harmonics
is varied from 1 to 5, which yields N} = 2,4, ..., 10. For each case,
T = 100 samples are generated and 100 Monte Carlo runs are
performed. As performance measures, the time-averaged root mean
squared error (RMSE) is calculated over all Monte Carlo simulations.
Additionally, the computational time per sample is measured. The
algorithms are implemented in m-code in Matlab and the simulations
are run on a 3.4 GHz 3rd generation Intel Xeon E3 CPU with 16 GB
RAM. We compare the following five filtering methods:

e An unscented Kalman filter (UKF) [35],
« a Rao-Blackwellized unscented Kalman filter (RB-UKF),
o a Gauss—Hermite filter (GHF) of order p = 3,
o a Rao-Blackwellized Gauss—Hermite filter (RB-GHF),
o a Rao-Blackwellized particle filter [16] with M = 250 particles
(RB-PF),
as well as the corresponding smoothers, that is,

« an unscented Rauch-Tung—Striebel smoother (URTSS) [6],

« a Rao-Blackwellized unscented Rauch-Tung—Striebel smoother
(RB-URTSS),

o a Gauss—Hermite smoother (GHS),

« a Rao-Blackwellized Gauss—Hermite smoother (RB-GHS),

o a Rao-Blackwellized forward-filtering backward-simulation parti-
cle smoother [17] with M = 250 filter and M = 100 smoother
particles (RB-FFBSi).

B. Results and Discussion

Fig. 1 (top) illustrates the RMSE of the compared methods as a
function of N.. As it can be seen, all filters perform roughly equally
well, with a slightly lower RMSE for the UKF and RB-PF for higher
dimensions compared to the remaining filters. However, there is no
difference between the GHF and the RB-GHF. Furthermore, Fig. 1
(bottom) depicts the time required for one complete filter update
(time and measurement update). Here, the differences are obvious and
striking. The computational load increases exponentially for the GHF
and cubically for the RB-GHF, while it increases cubically for both
the UKF as well as the RB-UKEF but at a slower rate for the latter.

The results for smoothing are shown in Fig. 2. Similar to filtering,
there is no significant difference in the RMSE for the different
smoothers (Fig. 2, top) with the Gaussian smoothers performing
slightly better than the particle smoother. The significant difference
is again in the computational time (Fig. 2, bottom). For the Gaussian
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Figure 1: Time-averaged RMSE (top) and average filter update time
per sample (bottom) for the UKF (——), RB-UKF (- - -), GHF
(CRREEE ), RB-GHF (-----), and the RB-PF ( ).
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Figure 2: Time-averaged RMSE (top) and average smoother update
time per sample (bottom) for the URTSS (——), RB-URTSS (- - -),
GHS (-+-- ), RB-GHS (-----), and the RB-FFBSi ( ).

smoothers, the results from filtering carry over since only little
overhead is added by the backward recursion (see Algorithm 4).

As shown in Section IV-F, the significant increase in computational
time observed for the GHF and UKF are directly related to the number
of sigma-points. For the Gauss—Hermite quadrature used in the GHF,
the number of sigma-points scales as @ (p™=) and for the third order
unscented transform used here, it scales as O(2N,+1). By using Rao-
Blackwellization, the number of sigma-points only depends on the size
of the nonlinear subspace N,', which is constant in this example. This
yields the reduction of computational complexity from exponential
to cubic for the RB-GHF and RB-GHS. For the unscented filter
and smoother, the scaling remains cubic, but the Rao—Blackwellized
version is still faster. Closer inspection showed that evaluating A is
one of the most expensive operations in this case (evaluating the sine
and cosine functions). Thus, since the Rao-Blackwellized smoother
requires less function evaluations, it is faster in this case.

The results also indicate that the RMSE is not affected significantly
by the Rao—Blackwellization for the compared methods. Furthermore,



note that while the RB-PF is slightly superior in terms of RMSE,
the RB-FFBSi is not. This is due to a particular combination of the
considered model and the way the backward simulation smoother
works: Frequency estimation schemes (e.g. phase-locked loops) require
some time to converge to the correct frequency. For particle methods,
this means that the individual state trajectories during forward filtering
may be relatively far from the true trajectory. When performing
backward simulation, the RB-FFBSi smoother is limited to sample
from these trajectories and can not do better than the best trajectory.
The Gaussian smoothers on the other hand re-estimate the smoothed
state freely, which turns out to be better in this case.

The dimension of the nonlinear state might be different in the
dynamic and observation models, as in the example considered in this
section. In such cases, the algorithms may be further improved by
only considering the respective nonlinear subspaces and do exact
(conditional) updates for the remaining states. Finally, we have
assumed that the system does not suffer from delayed or out-of-
sequence measurements. If such delays are present, the method can be
extended by, for example, using approaches similar to [36] or [37].

VI. CONCLUSIONS

In this paper, Gaussian smoothers with analytically tractable con-
ditional linear substructures were developed and their computational
complexity was analyzed. The framework is general in the sense
that it can be used together with any sigma-point based Gaussian
filtering/smoothing algorithm such as the unscented Rauch-Tung—
Striebel smoother or Gauss—Hermite quadrature-based smoothers. The
simulations showed that a significant performance gain in terms of
computational efficiency can be achieved, even for low-dimensional
linear subspaces. Hence, it is useful to use Rao—Blackwellization not
only to reduce the computational burden but also to enable the usage of
otherwise computationally prohibitive methods such as Gauss—Hermite
quadratures for higher dimensional systems.
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